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We compute the entropy of non-extremal black holes using the quantum dynamics of Loop Gravity. 
The horizon entropy is finite, scales linearly with the area A, and reproduces the Bekenstein-Hawking 
expression S = A/4Gh with the one-fourth coefficient for all values of the Immirzi parameter. The 
near-horizon geometry of a non-extremal black hole - as seen by a stationary observer - is described 
by a Rindler horizon. We introduce the notion of a quantum Rindler horizon in the framework 
of Loop Gravity. The system is described by a quantum surface and the dynamics is generated 
by the boost Hamiltonion of Lorentzian Spinfoams. We show that the expectation value of the 
boost Hamiltonian reproduces the local horizon energy of Frodden, Ghosh and Perez. We study the 
coupling of the geometry of the quantum horizon to a two-level system and show that it thermalizes 
to the local Unruh temperature. The derived values of the energy and the temperature allow one 
to compute the thermodynamic entropy of the quantum horizon. The relation with the Spinfoam 
partition function is discussed. 



There is strong theoretical evidence that Black Holes 
have a finite thermodynamic entropy equal to one quarter 
the area A of the horizon pQ. Providing a microscopic 
derivation of the Bekenstein-Hawking entropj^] 
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is a major task for a candidate theory of quantum 
gravity. Loop Gravity [2] has been shown to provide a 
geometric explanation of the finiteness of the entropy 
and of the proportionality to the area of the horizon 
[5]. The microstates are quantum geometries of the 
horizon [4 . What has been missing until recently is the 
identification of the near-horizon quantum dynamics 
and a derivation of the universal form of the Bekenstein- 
Hawking entropy with its 1/4 prefactor. This is achieved 
in this letter. 

We consider non-extremal Black Holes of the Kerr- 
Newman family. Their near-horizon geometry - as seen 
by a stationary observer - is described by a Rindler hori- 
zon. Frodden, Ghosh and Perez have identified a local 
notion of near-horizon energy [5] . We show that in Loop 
Gravity there is a natural quantum version of horizon 
states and of horizon energy: (i) the states live in a ten- 
sor product of SU(2) representation spaces and (ii) the 
horizon energy is given by the boost Hamiltonian acting 
on the 7-simple unitary representations of the Lorentz 
group, where 7 is the Immirzi parameter. These repre- 
sentations are exactly the ones that appear in the covari- 



ant dynamics of Loop Gravity and define the Lorentzian 
Spinfoam path integral |B]. 

We compute the energy and the temperature of the 
quantum horizon. The expectation value of the energy 
reproduces the Frodden-Ghosh-Perez energy, 
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where I is the distance of the stationary observer from 
the horizon and is assumed to be large compared to the 
Planck scale I 3> yGh. The horizon temperature, com- 
puted at the leading order in the acceleration a = I , 
reproduces the Unruh temperature [7] 
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Using the Clausius relation these two equations give im- 
mediately the Bekenstein-Hawking entropy with coeffi- 
cient 1/4. The Immirzi parameter enters only in quan- 
tum gravity corrections to the entropy. 

The notion of quantum horizon rests on a defining 
property of the Lorentzian Spinfoam dynamics, the 7- 
simple unitary representations. In particular the deriva- 
tion of the thermodynamic properties of the quantum 
horizon does not require the identification of a semiclas- 
sical regime away from it. We discuss also the relation 
with the Spinfoam partition function, its semiclassical 
limit, and the relation with the Gibbons-Hawking path- 
integral derivation of the entropy [5]. 



1 Units as follows: we measure time intervals in meters and tem- 
peratures in Joules, so that the speed of light and Boltzman's 
constant are set to one, c = 1 and kg = 1. We keep explicit the 
dependence on Newton's constant G and Planck's constant h. 



NEAR-HORIZON GEOMETRY 

Consider a Schwarzschild Black Hole of mass M, and a 
stationary observer at proper distance I from the horizon. 
We assume the observer to be close to the horizon, I -C 
rg = 2GM . The near-horizon metric in coordinates {£, 1} 
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is of the Rindler form 

ds 2 = -{nlfdt 2 + dl 2 + r 2 s dfl 2 , (4) 

where k = ^r- is the surface gravity and dfl 2 the mea- 
sure on the unit sphere. The four-velocity of such an 
observer is u M = ^(J^) M and her four-acceleration is 
a n _ u "y vU M = a(-g- [ ) fl , with acceleration a = No- 
tice that the acceleration depends only on the distance 
from the horizon, and in particular it is independent from 
the mass of the Black Hole. The surface I = is a non- 
degenerate Killing horizon, the Rindler horizon. The 
analysis above generalizes to non-extremal Black Holes 
of the Kerr-Newman family [5] and to non-extremal iso- 
lated horizons [10 . In the first case the stationary ob- 
servers follow the integral curves of the Killing vector 
field x — §t + ^g^> where and are the Killing 
fields associated with the stationarity and axisymmetry 
of the geometry, and Q is the horizon angular momentum. 
These are the unique stationary observers that coincide 
with the locally non-rotating observers of [H] or ZAMOs 
of [TT] as I —> 0. Their acceleration is again a = 
where I is the proper distance from the horizon. 

There is a natural notion of near-horizon energy asso- 
ciated with the stationary observers discussed above, it 
is the Frodden- Ghosh-Perez energy [3] 

07TG J 57TG J s 

where dS^ = {u^n v — u^n^y/hd 2 ^ is the area element 
on the surface, n M = (Jj)^ is the space-like normal to the 
horizon and to the 4-velocity of the stationary observer, 
S is a stationary surface at proper distance I from the 
horizon, and vh its area-density. As a^n^ = a is con- 
stant on 5 1 , the near-horizon energy simply evaluates to 



where A is the area of the horizon. A physical arguments 
for this expression for the energy is the following: If we 
drop a test particle of mass m and charge q from infinity 
to the horizon of a Kerr-Newman black hole, a stationary 
observer who keeps her distance I from the horizon fixed 
will measure a local energy ei oc of the particle. In [5] it 
is shown that this energy can be expressed in terms of 
geometric quantities only and is given by ei oc = 6E = 
4A^a, where 5 A is the variation of area of the horizon 
after the particle has been absorbed by the black hole. 

THE QUANTUM RINDLER HORIZON 

In Loop Gravity SU(2) spin-network states represent 
the geometry of a spatial section of space-time having 
given normal The group SU(2) is the little group 
of the local Lorentz group SL(2,C) that preserves the 
time- like vector The covariant Spinfoam dynamics 



is defined by introducing SL(2, C) spin-networks and re- 
quiring local Lorentz invariance. A key object in the 
definition of Spinfoams is a map Yy that provides an in- 
jection of the SU(2) representation V^' of spin j into 
the SL(2,C) unitary representation V (p ' fc) [12]. The real 
number p and the half-integer k label the values of the 
two Casimir operators, K 2 — L 2 = p 2 — k 2 + 1 and 
K ■ L — pk, where L is the generator of rotations and 
K the generator of boosts. We call \(p, k); j,m) a basis 
of eigenstates of L 2 and L z = L ■ ft. The map Y 1 in- 
jects V^' in the lowest-weig ht block of V (p < fe) with the 
following choice of p and k: 

\j,m) i-> |(7(j + 1), j); j,m) . 

The representation p = j(j + 1) and k = j is called 7- 
simple and satisfies the condition 

K = 7 L (6) 

as matrix elements on the image of the Yj. Here 7 is 
the Immirzi parameter and the condition (KM is the one 
that unfreezes gravitational degrees of freedom from a 
topological field theory, and defines quantum general rel- 
ativity in the Spinfoam approach [13] . 

Consider a surface S tessellated by N facets /, each one 
corresponding to a link of a spin-network graph punctur- 
ing the surface. The state describing a quantum surface 
of given area and with normal in direction ft has the form 
|s) = (&f\jf), where \jf) is the state with maximum 
magnetic number in direction ft 

li) = l(7(j + i),j);j\+j) ■ 

The area operator is A = 87rGfi.7^/ \Lf\, so that the 
state |s) has area A = J2f Af with 

A f = 8TrGh-fj f . (7) 

Consider the operator H defined as 

H = J2 hK f a ' ( 8 ) 
/ 

where a is a positive real number and K z = K ■ ft. This 
operator generates evolution along a uniformly acceler- 
ated trajectory. Therefore it defines evolution in the pres- 
ence of a quantum Rindler horizon, as seen from an ob- 
server with acceleration a, and represents the energy of 
the system in the accelerated frame. 

The quantum Rindler horizon is defined by the evolu- 
tion of the state |s) with the dynamics H, 

\s t ) = U(t) \s) 

where U (t) is the unitary operator representing a Lorentz 
boost with rapidity at, 

U{t) = e^ Ht = ®/exp(iff| at) . 
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ENERGY OF THE QUANTUM HORIZON 

Now we show that the operator H measures the energy 
of the quantum horizon. The expectation value of H on 
the quantum horizon state |s) = \jf) can be easily 
computed using the following result: on the image of 
Y 1 the matrix elements of the boost generator simply 
evaluate to 

((lU + l),j);j,m'\K z \(j(j + l),j);j,m) =jmS mm , . 
As a result, we find 

E = (s\H\s)=J2^jf^ =^f a > ( 9 ) 

where in the third equality we have used the expression 
of the area (J7]). The expectation values of the boost 
Hamiltonian H reproduce the expression ^ of the 
classical near-horizon energy. This result shows that 
the Hamiltonian that generates the quantum Rindler 
horizon also measures its energy. 

Eigenstates of the energy \E) — |A/) are labeled 
by continuous parameters A/, where we define 

|A) = |( 7 (j + l) J j);A,+j) 

as the simultaneous eigenstate of K z — A and L z = +j 
[12] . The energy of the state \E) is E = J2f hXfa. 

TEMPERATURE OF THE QUANTUM HORIZON 

The energy levels \E) of the quantum horizon are 
highly degenerate. Moreover the energy does not com- 
mute with the area of the quantum horizon. Now we 
show that a consequence of this fact is that the quantum 
horizon has a finite temperature T . 

To measure the temperature of the quantum horizon 
we introduce a thermometer: a two-level detector coupled 
to the horizon [7] [T3]. Let |0) be its ground state, |1) the 
excited state, and Ho = eo|0)(0| + ei|l)(l| the Hamilto- 
nian. The energy level separation is Ae = e% — eq. The 
detector interacts with the horizon via a potential 



V = 5 (|0)(1| + |1)(0|) iJ<t>, 



(10) 



where g is a coupling constant, -0 = \Eq)(Ei\ + \Ex)(Eq\ 
couples different energy levels of the horizon, and <f> is the 
hermitian operator that applied on the trivial represen- 
tation | Q) of the Lorentz group - a facet in the vacuum 
state - gives a state of definite area 



(ii) 



The transition rate T + for the two-level system to be 
excited from its ground state, and T_ for the decay, can 
be easily computed using Fermi's golden rule 



r+ = 
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For ha <C Ae <C E\ — Eq, we find that the equilibrium 
population of the two-level system has ratio R that is 
independent of the j, 7, E , Ex and given by 



(13) 



The result is a Boltzman distribution of temperature T 
„ ha 



2n 



(14) 



The temperature of the quantum Rindler horizon mea- 
sured by an observer with acceleration a coincides with 
the Unruh temperature. 

We give a derivation of this result. Consider the tran- 
sition amplitute A.+ from the initial state |in) 

|in) = |£a,O}|0) 

with the detector in the ground state and the horizon 
having energy Ei and one facet in its vacuum state 
to a final state |out) 

|out> = \E , A) 1 1) 

with the horizon being in an eigenstate with energy 
Eq + h\a and the detector excited. To first order in 
perturbation theory, 



A+= - - / dt' (out|V7(t')|in; 



g / dt' e -U^-Bo+Ae)t' ( X \ e iK*at' ^ 



where Vi(t) 
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is the potential in the inter- 



action picture, and in the second line we used the invari- 
ance property of the trivial representation e~^ Ht \Vi) = 
The probability u> + of a transition to a final state 
with excited detector and state |A) of the facet unob- 
served is given by the sum over final states of the modulus 
squared of the amplitude 
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where we have used the completeness of the |A) basis 
to perform the integral over A. Changing variables to 
t! + t" and r = t" — t! , and considering the probability 
of transition per unit time T + = w + , we recover the 
transition rate ( 12 1. The rate T_ = is easily obtained 



via a similar calculation. 

The basis | A) of eigenstates of the energy of the facet / 
can be used to obtain a closed formula for the transition 
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FIG. 1. The distribution g(\) = |(A|j)| 2 is plotted as a func- 
tion of A for j = 1 and 7=1. It represents the probability of 
finding an area eigenstate \ j) in the state of energy E = h\a. 

The average is (A) = yj, the dispersion AA = ^/l + I 2 \J\ 

There is an exponential fall-off for large A. 



/2j + l 
2j+3 • 



rate, 



r_ 

h 2 

t. 
H 

l 
h 2 a 



+OO 

dX 



+00 

dr e 

—00 
+00 

dX 5{Ex 

— OO 



l(Ao 



E T Ae - 

Eh - E t Ae 
ha 



|(A|0|fi)| 2 
- hXa)\(X\j)\ 2 
J)\ 2 - (15) 



In the second line we have performed the integral over 
t and used |(A|^|fi)| 2 = |(A|j)| 2 , and in the third inte- 
grated A against the Dirac delta 5(Ei — E =F Ae — HXa). 

The overlap coefficient between eigenstates of the 
boost Hamiltonian and eigenstates of the area can be 
computed using the methods developed in [12]. We ob- 
tain the closed-form expression 



l(A|i)| 2 = 



(2j+i)r(-j+i 7 (j+i))r(i+j+j (7(j+i)+A)) 



r(i +j-M 7 0'+i))r(^ -j+ i ( 7 (j+i)+a)) 



sin7r(j-i 7 (j + l)) 
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where T(z) is the Euler gamma function. See the plot in 
figure [T] For large A and using Stirling's approximation 
we find that it decays exponentially as 
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The constant c depends only on j and 7. Under the 
assumption ha <C Ae <C E\ — E , the transition rates are 
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The change in time of the populations pi of the excited 
state is p\ = poT+ — Pl^-, where po is the population of 
the ground state. When the system thermalizes, p\ = 



and pi/po = T+/r_ 
particular, from po 
the excited level 



so that the ratio ( 13 ) is reached. In 
- pi = 1 we derive the population of 



Pi = 



exp(^Ae) 



Therefore we conclude that the temperature is T 
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The temperature far from the horizon - at infinity - 
can be computed via the Tolman law with the red-shift 
factor of the semiclassical metric away from the horizon. 
Equivalently, we can think of the detector as part of the 
quantum geometry in proximity of the horizon - a spin 
1/2 facet - coupled to the electromagnetic field. The ef- 
fect is that it will thermalize photons at a distance 1/a 
from the horizon to the temperature T = |p . The ther- 
mal photons escape to infinity propagating in the classi- 
cal background metric of a Kerr-Newman black hole, and 
reach infinity with a red-shifted temperature that is the 
Hawking temperature. 

ENTROPY OF THE QUANTUM HORIZON 

Having computed the energy and the temperature of 
the quantum horizon, we can now determine its thermo- 
dynamic entropy S using the Clausius relation 
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The energy of the horizon is E = fvyjfa as derived in 
Eq.((9]). In a process in which the energy changes because 
of a single facet /, we have 

SE = hyjfa . 

The temperature of the horizon during the process has 
been derived above in Eq. (14). Using SSf = SE/T, we 



obtain an entropy per facet equal to 



(20) 



Notice that the entropy density is independent of the 
acceleration a, or equivalently from the distance from 
the horizon. The entropy on the quantum horizon is 
obtained summing over the facets the contributions SSf 
and recognizing the expression of the area ^ 
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The entropy of the quantum horizon agrees with the 
Bekenstein-Hawking entropy with its prefactor 1/4. 

Notice also that the equilibrium distribution of the de- 
tector's states is governed exactly by this entropy. In 
fact in the process of thermalization the conservation of 
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energy Ae = SE = E\ — Eq — HXa is imposed by the delta 



function in (151. The population ratio is 



(22) 



Loop Gravity provides a realization of the scenario pro- 
posed by Massar and Parentani in [15 : this relation 
reveals that the detector is in contact with a reservoir 
whose statistical entropy is S = jg*- 

PARTITION FUNCTION AND SPINFOAMS 

A partition function of the form 



(,3)=eXp -8^5> /(/3a ~ 27r) 
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where Af = 8wGhjj, reproduce the values of the energy 
E and entropy S of the quantum horizon. Using standard 
statistical mechanics formulae, we obtain the energy and 
the entrop^ 
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They coincide precisely with the expressions derived be- 
fore. On the other hand, the partition function Z{0) has 
a natural interpretation in terms of Spinfoams. 

Consider Regge's discretization of General Relativity 
[16j . with a triangle of area on the horizon and a 
point at distance I = a~ l from it. This configuration 
defines a tetrahedron. We assume I 3> y/Aj- If the 
point follows an accelerated motion, at a later time P the 
point has evolved - maintaining its distance I from the 
triangle fixed - defining a second tetrahedron and the 
spacetime geometry of a 4-simplex. The dihedral angle 
O of the 4-simplex at the triangle Af is simply given 
by = p/l — Pa. Imposing periodicity in the Euclidean 
time P, defines a deficit angle £/ = Pa—lix at the triangle. 
The Euclidean Regge action for gravity restricted to a 
triangulation of the horizon is given exactly by a sum 
over faces of the area Af times this deficit angle, 
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This is exactly the expression in the exponent of the 
partition function Z(P). Moreover this is also the ex- 
pression of the action that appears in the semiclassical 
limit of the Spinfoam path integral formulation of Loop 



Gravity [T7]. This relation is further explored in |18j . 
where Z(P) is derived from the Spinfoam wedge ampli- 
tude G(t) = (ft| 4>e iK * aT 4> | ft) and the relation with the 
Gibbons-Hawking path integral is discussed |5]. 

CONCLUSIONS 

We have exploited the fact that the near-horizon ge- 
ometry of non-extremal black holes is Rindler to derive 
the Bekenstein-Hawking entropy from Loop Gravity. We 
have identified the geometry of a quantum Rindler hori- 
zon in Loop Gravity, and shown that it has thermody- 
namic properties: its temperature agrees with the Un- 
ruh temperature of an accelerated observer and its en- 
tropy coincides with the Bekenstein-Hawking entropy. 
The derivation relies only on the dynamics of the Loop 
Gravity degrees of freedom near the quantum horizon. 
In particular it provides a quantum version of the notion 
of horizon entropy density |19j : each horizon degree of 
freedom - a facet dual to a spin-network link puncturing 
the horizon - contributes an entropy 



Sf = 2n-fjf 



(25) 



The analysis does not involve a derivation of the semi- 
classical black-hole geometry away from the horizon and 
up to spatial infinity. As a result it extends to all black 
holes that have a non-degenerate horizon. 

The result obtained directly addresses some of the dif- 
ficulties found in the original Loop Gravity derivation of 
Black-Hole entropy where the area-ensemble is used [3] 
and the Immirzi parameter shows up as an ambiguity in 
the expression of the entropy |20j . Introducing the no- 
tion of horizon energy in the quantum theory, we find 
that the entropy of large black holes is independent from 
the Immirzi parameter. Quantum gravity corrections to 
the entropy and the temperature of small black holes are 
expected to depend on the Immirzi parameter. 
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2 The parameter j3 has dimensions of length, so that its relation 
to the temperature is /3 = h/T. 
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